Effective actions in ${\cal N}$=1, D5 supersymmetric gauge theories:
  harmonic superspace approach by Buchbinder, I. L. & Pletnev, N. G.
ar
X
iv
:1
51
0.
02
56
3v
4 
 [h
ep
-th
]  
4 N
ov
 20
15
Effective actions in N = 1, D5 supersymmetric gauge
theories: harmonic superspace approach
I.L. Buchbindera,b, N.G. Pletnevc,d
aDepartment of Theoretical Physics, Tomsk State Pedagogical University
Tomsk, 634061 Russia
bNational Research Tomsk State University;
joseph@tspu.edu.ru
cDepartment of Theoretical Physics, Sobolev Institute of Mathematics,
Novosibirsk, Russia
d National Research Novosibirsk State University,
Novosibirsk, Russia;
pletnev@math.nsc.ru
Abstract
We consider the off-shell formulation of the 5D, N = 1 super Yang-Mills and
super Chern-Simons theories in harmonic superspace. Using such a formulation we
develop a manifestly supersymmetric and gauge invariant approach to construct-
ing the one-loop effective action both in super Yang-Mills and super Chern-Simons
models. On the base of this approach we compute the leading low-energy quantum
contribution to the effective action on the Abelian vector multiplet background. This
contribution corresponds to the ‘F 4’ invariant which is given in 5D superfield form.
Dedicated to the memory of Boris Zupnik
1 Introduction
The study of the quantum structure of the supersymmetric five-dimensional field theories
attracts recently considerable attention, mainly due to attempts to find the effective
world-volume action for multiple M5-branes [1]. It was conjectured in [2] that the six-
dimensional (2,0) superconformal field theories on a stack of M5-branes are equivalent to
five-dimensional super Yang-Mills (SYM) theories. To establish this correspondence, the
Kaluza-Klein reduction of the general 6D (1,0) pseudo-action with a non-Abelian gauge
group G was performed in the series of papers [3] and the 5D effective action for the
Kaluza-Klein zero-modes was derived. This duality serves as an important constraint on
the models for multiple M5-branes. Of course, not all consistent five-dimensional theories
arise in such a circle compactification.
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On the other hand, the 5D theory has a global U(1) symmetry and the current j =
⋆F ∧F is always conserved. The corresponding conserved charge is the instanton number.
Such a conserved current can be coupled to vector superfield what allows us to identify
the scalar component φ of this vector superfield as the gauge coupling < φ >∼ 1
g2
SYM
[4].
Using this observation the authors of papers [5] proposed that the maximally extended 5D
supersymmetric gauge theory describes the 6D, (2, 0) superconformal field compactified
on circle without introducing the Kaluza-Klein reduction. This proposition was based on
the observation that the Kaluza-Klein momentum along the circle can be identified with
instanton charge in the 5D theory. The latter is a topological charge carried by soliton
configurations, which are analogous to monopole and dyon configurations in 4D. Such an
attractive hypothesis means, in fact, that adding the 1/2-BPS particle soliton states with
instanton number k and a mass formula M ∼ 4πk
g2
SYM
∼ k
R5
to 5D SYM theory gives us the
full nonperturbative particle spectrum and determines the nonperturbative completion of
the theory under consideration. This might be an argument in favor of UV finiteness of
5D SYM perturbative theory and thus be an argument for the consistent quantum theory.
In the strong coupling limit the 5D SYM should define the fully decompactified 6D, (2, 0)
theory, which, in its turn, is expected to describe the low-energy dynamics of multiple
M5-branes.
An additional important motivation to study 5D supersymmetric gauge theories comes
from the existence of the corresponding super Chern-Simons (SCS) theory. This theory
is interesting since it has a conformal fixed point in five dimensions and can admit a
holographic duality [4]. There are several reasons why the 5D supersymmetric Chern-
Simons theory can be interesting in quantum domain. First of all, the Chern-Simons
terms can be generated by integrating out the massive hypermultiplets in the SYM theory
when the hypermultiplets transform in complex representations of the gauge group [2]. If
we consider the masses of the hypermultiplets as the UV cut-off, then this leads to the
generation of the Chern-Simons term in the one-loop correction to the classical theory.
Hence inclusion of the SCS term into the action can be useful in some cases if we want
to have a complete description of the theory. SCS theory can also be important in the
relationship between 5D SYM and 6D, (2,0) theories. In particular, one can argue [6] that
the 5D Chern-Simons term can be generated by the anomaly terms in the six-dimensional
theory. By focusing on a certain class of anomaly-free six-dimensional theories the authors
of [6] formulated the explicit constraints on the spectrum and supersymmetry content
of the six-dimensional theory in terms of the five-dimensional Chern-Simons couplings.
Therefore it would be interesting to compute the perturbative quantum corrections in
such 5D theories. In particular, it was demonstrated that massive fermions running
in the loop generate constant corrections to the 5D Chern-Simons terms of the form
kABCA
A ∧ FB ∧ FC + κAAA ∧ tr (R ∧R), where AA denotes collectively the graviphoton
and the vectors from the vector multiplet, FA are the corresponding field strengths, and
R is the curvature two-form.
Though 5D and 3D Chern-Simons theories share some interesting properties, such
as quantization of the level k, nevertheless there are also some differences. The most
important difference is the presence of local degrees of freedom in the higher dimensional
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case. This peculiar fact makes it attractive and interesting to perform a more detailed
analysis of 5D SCS theories.
It is known that non-trivial observables exist in supersymmetric gauge theories which
are not very sensitive to details of the UV completion. Quantum effects which non-
trivially contribute to such BPS observables are often highly constrained. With using the
procedure of localization of the path integral were studied of the various observables in 5D
supersymmetric theories [7]. It was shown that the partition function for the maximally
extended SYM on S5 captures the physical aspects of the 6D, (2, 0) theory in a surprisingly
accurate and detailed manner. In particular, the N3 behavior of this partition function
in 5D supersymmetric gauge theory is in agreement with the important results obtained
for 6D, (2, 0) theory from the supergravity duals and conformal anomaly [8].
The study of integral invariants in half-maximally and maximally extended supersym-
metric theories such as supergravity and SYM attracts an attention because they can
be viewed, on the one hand, as possible higher order corrections to the string or brane
effective actions and, on the other hand, as quantum field counterterms. It is well known
on the base of the power counting arguments that the 5D SYM is perturbatively non-
renormalizable. Therefore we should expect an infinite number of divergent structures
at any loop what leads to infinite number of counterterms. However, the superspace ar-
guments and the requirements of on-shell supersymmetry rule out the first divergences
in D-dimensional SYM theory. Actually the divergences can appear at L loops where
D=4+6/L1. Construction of the various supersymmetric, gauge invariant functionals in
quantum field theory is conveniently formulated in the framework of the effective action.
The low-energy effective action can be represented as a series in supersymmetric and
gauge invariants with some coefficients. In general, the supersymmetry together with
conformal symmetry imposes rigid constraints on these coefficients. In some cases, they
can be determined exactly [11]. For example, the leading term in the low-energy effective
action on the Abelian vector field background is F 4 which is generated only at one loop
and is not renormalized at higher loops. A possible new non-renormalization theorems
for Abelian F n was conjectured in [12]. Recently the authors of [13] systematically an-
alyzed the effective action on the moduli space of (2,0) superconformal field theories in
six dimensions, as well as their toroidal compactification to maximally SYM theories in
five and four dimensions. They presented an approach to non-renormalization theorems
that constrain this effective action. The first several orders in its derivative expansion
are determined by a one-loop calculation in five-dimensional SYM theory. In general, the
functional form of the effective action at the first several orders in the derivative expansion
can be obtained by integrating out the massive degrees of freedom in the path integral.
However, it is difficult enough to perform exactly such an analysis for supersymmetric
models in the component formulation.
Construction of the background field method in extended supersymmetric gauge the-
ories faces a fundamental problem. The most natural and proper description of such
theories should be formulated in terms of a suitable superspace and unconstrained super-
1For a discussion of this issue see [9], [10] and references therein.
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fields on it. Some time ago a systematic background field method to study the effective
actions in 4D, N = 2 supersymmetric field theories was developed in a series of papers
[14], [15]. This method is based on formulation of N = 2 theories in harmonic superspace
[16], [17] and guarantees the manifest N = 2 supersymmetry and gauge invariance at all
stages of calculations. The method under consideration gives the possibility to calculate
in a straightforward manner not only the holomorphic and non-holomorphic contribu-
tions to the low-energy effective action but also to study the full structure of the effective
action. Evaluation of the effective action within the background field method is often
accompanied by using the proper time or heat kernel techniques. These techniques allow
us to sum up efficiently an infinite set of Feynman diagrams with increasing number of
insertions of the background fields and to develop a background field derivative expansion
of the effective action in a manifestly gauge covariant way.
The 5D SCS theories are superconformally invariant and, hence, their effective actions
must be independent of any scale. Unlike the 4D, N = 2, 4 supersymmetric theories where
holomorphy allows one to get the chiral contributions to effective action [18], in the 5D
case the contributions to the effective action can be written only either in full or in analytic
superspaces. Then, taking into account the mass dimensions of the harmonic potential
V ++ and superfield strength W as well as the dimensions of the superspace measures
d5xd4θ+ and d5xd8θ, one obtains that the most general low-energy effective U(1)-gauge
invariant action in the analytic superspace is the SCS action [19], [20]. The next-to-
leading effective Abelian 5D action can be written only at full superspace in terms of the
manifestly gauge invariant functional Γ =
∫
d5xd8θ W H(W
Λ
), where Λ is some scale and
H(W
Λ
) is the dimensionless function of its argument. The requirement of scale invariance
means an equation Λ d
dΛ
∫
d5zd8θ WH(W
Λ
) = 0, where the only solution is H = c ln W
Λ
.
Any perturbative or non-perturbative quantum corrections should be included into a single
constant c. The component Lagrangian in the bosonic sector corresponding to the above
effective action is 1
φ3
(F 4+(∂φ)4+ . . .), where F is the Abelian strength of the component
vector field from 5D, N = 1 vector multiplet and φ is the corresponding scalar component.
In this paper we derive the leading contribution to the low-energy effective action in
the 5D SCS theory using the harmonic superspace description of the theory and proper-
time techniques. The result precisely corresponds to the above analysis and has the form∫
d5xd8θ W ln W
Λ
. Besides the effective action in the 5D SCS theory, we calculate the
leading one-loop low-energy contribution in the 5D SYM theory. Although this theory is
not superconformal and is characterized by the dimensional coupling constant, its leading
contribution to the effective action has the same functional form as in the 5D SCS theory
and does not depend on the scale and coupling constant. Also, we consider the effective
action in the 5D hypermultiplet theory coupled to a background 5D vector multiplet.
The leading low-energy contribution to effective action in this theory was calculated in
paper [20], where it was shown that this contribution is the 5D SCS action. In the given
paper we calculated the first next-to-leading term in the low-energy effective action for
the theory under consideration and found that this term again has the same functional
form as the leading term in 5D SCS theory.
The paper is organized as follows. Section 2 is devoted to a brief review of harmonic
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superspace formulation of the 5D, N = 1 supersymmetric field models such as the SYM
theory, the hypermultiplet theory and the SCS theory. In section 3 we consider the Abelian
5D SCS theory and develop the manifestly supersymmetric and gauge invariant procedure
for calculating the effective action. This procedure is based on the background field
method and proper-time technique. We find the exact expression for one-loop effective
action in terms of functional determinants of differential operators in analytic subspace
of harmonic superspace and calculate the leading low-energy contribution to this effective
action. In section 4 we develop the analogous procedure for 5D SYM theory and calculate
the leading low-energy contribution to one-loop effective action. Section 5 is devoted to the
study of the first next-to-leading contribution to effective action in the 5D hypermultiplet
theory coupled to a 5D vector multiplet background. The last section is devoted to the
summary of the results.
2 Review of the 5D, N = 1 harmonic superspace ap-
proach
Various supersymmetric theories with eight supercharges admit the off-shell superfield for-
mulations in terms of formalism of the harmonic superspace. The harmonic superspace
approach for the 4D, N = 2 theories was originally developed in [16]. The formulation
for the 5D, N = 1 models has been given in [19], [21], [22]. The harmonic superspace
approach for the 6D, (1, 0) SYM theories was considered in [23], [24], [25] and for the 6D,
(1, 1) SYM in [26]. The construction the super-de Rham complex in five-dimensional, N
= 1 superspace and its relationship to the complex of six-dimensional, N = (1, 0) super-
space via dimensional reduction was considered in [27]. All these harmonic superspace
formulations in space-time dimensions 4, 5 and 6 look almost analogous modulo some
details. In a series of papers [28], [29], [30] an extensive program of constructing the man-
ifestly supersymmetric formulation for the 5D, N = 1 supergravity-matter models was
realized and the universal procedures to construct manifestly 5D supersymmetric action
functionals for a different supermultiples were developed. These superfield results are in
agreement with the earlier component considerations of the same models [31], [32].
The study of the structure of the low-energy effective action in the 5D superconformal
theories looks useful from the point of view of the classification of theories consistent at
the quantum level. In ref [20] a manifestly 5D, N = 1 supersymmetric, gauge covariant
formalism for computing of the one-loop effective action for a hypermultiplet coupled to a
background vector multiplet was developed. It was demonstrated, as a simple application,
that the SCS action is generated at the quantum level on the Coulomb branch. The above
paper was the only one where explicit one-loop harmonic superspace calculations were
done. We believe that until now the possibilities of the covariant 5D harmonic superspace
methods were non-sufficiently explored to study the effective action in 5D supersymmetric
gauge theories. The aim of this paper is to develop the general manifestly supersymmetric
and gauge invariant methods for 5D quantum supersymmetric gauge theories and apply
these methods to calculate the low-energy effective action in 5D SCS and SYM theories.
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In this section we briefly review the superspace description of a vector multiplet in 5D
supersymmetric gauge theories. Our aim here is to fix our basic notation and conventions
(for details see [21]).
The 5D gamma-matrices Γaˆ are defined as follows {Γaˆ,Γbˆ} = −2ηaˆbˆ1, with ηaˆbˆ =
{−1, 1, . . . , 1}. The matrices {1,Γaˆ,Σaˆbˆ} form a basis in the space of 4 × 4 matrices.
The charge conjugation matrix C = (εαˆβˆ) and its inverse C−1 = (εαˆβˆ) are used to raise
and lower the spinor indices. The matrices εαˆβˆ and (Γaˆ)αˆβˆ are antisymmetric, while the
matrices (Σaˆbˆ)αˆβˆ are symmetric. The anticommuting variables θ
αˆ
i are assumed to obey
the pseudo-Majorana reality condition (θαˆi )
⋆ = θiαˆ = εαˆβˆε
ijθβˆj . 5D, N = 1 superspace is
parameterized by the coordinates zM = (xαˆβˆ, θαˆi ) where i = 1, 2 and x
αˆβˆ = (Γaˆ)
αˆβˆxaˆ.
The basic spinor covariant derivatives of the 5D, N = 1 superspace are Diαˆ =
∂
∂θαˆi
−
i∂αˆβˆθ
βˆi. They obey the anti-commutation relations
{Diαˆ, D
j
βˆ
} = −2iεij∂αˆβˆ. (1)
The N = 1 harmonic superspace R5|8 × S2 extends the conventional 5D, N = 1
Minkowski superspace R5|8 with the coordinates zM = (xmˆ, θαˆi ), by the two-sphere
SU(2)/U(1) parameterized by harmonics, i.e., group elements
u±i ∈ SU(2), u
+i = u−i , u
+iu−i = 1 .
The main conceptual advantage of harmonic superspace is that theN = 1 vector multiplet
as well as hypermultiplets can be described by unconstrained superfields on the analytic
subspace of R5|8 × S2 parameterized by the coordinates ζM = (xmˆA , θ
+αˆ, u±i ), where
xaˆA = x
aˆ + iθ+αˆΓaˆ
αˆβˆ
θ−βˆ, θ± = u±i θ
i. (2)
The important property of the coordinates ζM is that they form a subspace closed under
N = 1 supersymmetry transformations. In the coordinates ζM the spinor covariant
derivatives D+αˆ = u
+
i D
i
αˆ have a short form (see Eqs (5)) and therefore the superfield
Φ(xaˆ, θ±αˆ, u±i ) satisfying the constraints D
+
αˆΦ = 0 is an analytic superfield Φ(ζ, u). It
leads to reducing the number of the anticommuting coordinates and, hence, to reducing
the number of independent components in comparison with general superfields. However,
all component fields depend now on extra bosonic coordinates u±i .
In harmonic superspace a full set of gauge covariant derivatives includes the harmonic
derivatives which form a basis in the space of left-invariant vector fields of SU(2):
D++ = u+i
∂
∂u−i
, D−− = u−i
∂
∂u+i
, D0 = u+i
∂
∂u+i
− u−i
∂
∂u−i
, (3)
[D0, D±±] = ±2D±±, [D++, D−−] = D0. (4)
The generator of the SU(2) algebra D0 is an operator of harmonic charge, D0Φ(q) =
qΦ(q). In the analytic basis, parameterized by the coordinates ζM (2) the spinor covariant
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derivatives: D±αˆ = u
±
i D
i
αˆ and the harmonic derivatives take the form
D+αˆ =
∂
∂θ−αˆ
, D−αˆ = −
∂
∂θ+αˆ
− 2i∂αˆβˆθ
−βˆ, (5)
D++ = u+i
∂
∂u−i
+ iθ+αˆ∂αˆβˆθ
+βˆ + θ+αˆ
∂
∂θ−αˆ
, D−− = u−i
∂
∂u+i
+ iθ−αˆ∂αˆβˆθ
−βˆ + θ−αˆ
∂
∂θ+αˆ
,
D0 = u+i
∂
∂u+i
− u−i
∂
∂u−i
+ θ+
∂
∂θ+
− θ−
∂
∂θ−
.
In this basis Eqs (1), (4) leads to
{D+αˆ , D
+
βˆ
} = 0, [D±±, D±αˆ ] = 0, [D
±±, D∓αˆ ] = D
±
αˆ , (6)
{D+αˆ , D
−
βˆ
} = 2i∂αˆβˆ .
These relations are necessary integrability conditions for the existence of the analytic
superfields. Since the field in the harmonic superspace depend on the additional bosonic
variable ui, we must define rules of integration over harmonics (that is, over the group
manifold SU(2)/U(1)). The basic harmonic integrals have the form [17]
∫
du = 1,
∫
duu+(i1 . . . u
+
in
u−j1 . . . u
−
jm)
= 0, n+m > 0 . (7)
It means that the harmonic integrals are nonzero only if the integrand has the zero U(1)
charge.
2.1 5D SYM theory in harmonic superspace
To describe a Yang-Mills supermultiplet in 5D conventional superspace we introduce
the gauge covariant derivatives DA = DA + iAA where DA = (∂aˆ, Diαˆ) are the flat
covariant derivatives and AA is the gauge connection taking values in the Lie alge-
bra of the gauge group. The operator DA satisfies the gauge transformation law
DA → eiτ(z)DAe−iτ(z), τ † = τ with a superfield gauge parameter τ(z). The gauge
covariant derivatives are required to obey some constraints [33]
{Diαˆ,D
j
βˆ
} = −2iεij(Dαˆβˆ + εαˆβˆiW), (8)
[Diαˆ,Daˆ] = −i(Γaˆ)
βˆ
αˆ D
i
βˆ
W, [Daˆ,Dbˆ] = −
1
4
(Σaˆbˆ)
αˆβˆDiαˆDβˆiW = iFaˆbˆ,
with the matrices Γaˆ and Σaˆbˆ defined above
2. Here the field strength W is Hermitian,
W† =W and obeys the Bianchi identity
D(iαˆD
j)
βˆ
W =
1
4
εαˆβˆD
γˆ(iDj)γˆ W. (9)
2The properties of these matrices are discussed in [21], [29].
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In harmonic superspace the full set of gauge covariant derivatives includes the harmonic
derivatives. In this basis Eqs. (8), (5) leads to
{D+αˆ ,D
+
βˆ
} = 0, [D±±,D±αˆ ] = 0, [D
±±,D∓αˆ ] = D
±
αˆ , (10)
{D+αˆ ,D
−
βˆ
} = 2iDαˆβˆ − 2εαˆβˆW, [D
±
γˆ ,Dαˆβˆ] = i{εαˆβˆD
±
γˆW + 2εγˆαˆD
±
βˆ
W − 2εγˆβˆD
±
αˆW} ,
iFaˆbˆ =
1
2
D−αˆ (Σaˆbˆ)
αˆβˆD+
βˆ
W .
The integrability condition {D+αˆ ,D
+
βˆ
} = 0 is solved by D+αˆ = e
−ivD+αˆ e
iv with some Lie-
algebra valued harmonic superfield v(z, u) which is called the bridge. The bridge possesses
a richer gauge freedom than the original τ -group
eiv
′(z,u) = eiλ(z,u)eive−iτ(z), D+αˆλ = 0. (11)
The λ- and τ - transformations generate, respectively, the so-called λ- and τ -groups. In the
λ-frame the spinor covariant derivatives D+αˆ coincide with the flat ones, while the harmonic
covariant derivatives acquire connections D±± = D±± + iV ±±. The real connection V ++
is an analytic superfield, D+αˆV
++ = 0 and its transformation law is
V ++
′
= eiλV ++e−iλ − ieiλD++e−iλ. (12)
The gauge freedom −δV ++ = D++λ can be used to impose the Wess-Zumino gauge in
the form
V ++ = (θ+)2iφ+ iθ+αˆAαˆβˆθ
+βˆ + 4(θ+)2θ+αˆλ−αˆ −
3
2
(θ+)2(θ+)2Y −−. (13)
In this gauge, the superfield V ++ contains the real scalar field φ, the Maxwell field Amˆ,
the isodoublet of spinors λiαˆ and the auxiliary isotriplet Y
(ij). The analytic superfield V ++
turns out to be the single unconstrained potential of the pure 5D, N = 1 SYM theory and
all other quantities, associated with this theory, are expressed in its terms. In particular,
the other harmonic connection V −− turns out to be uniquely determined in terms of V ++
using the zero-curvature condition [D++,D−−] = D0. The result looks like [35]
V −−(z, u) =
∞∑
n=1
(−i)n+1
∫
du1 . . . dun
V ++(ζ, u1) . . . V
++(ζ, un)
(u+u+1 )(u
+
1 u
+
2 ) . . . (u
+
nu
+)
, (14)
where (u+1 u
+
2 ) = u
+i
1 u
+
2i. The details of the harmonic analysis on S
2 = SU(2)/U(1)) were
designed in the pioneering works [16], [34], [35], [17]. In the λ-basis the connections A−αˆ ,
Amˆ and the field strength can be expressed in terms of V −− using the relations (10):
A−αˆ = −D
+
αˆ V
−−, Wλ =
i
8
D+αˆD+αˆV
−−, Fαˆβˆ = −
i
2
D−(αˆD
+
βˆ)
W. (15)
The superfield strength Wλ satisfies the following constraints D++Wλ = D++Wλ +
i[V ++,Wλ] = 0. In the Abelian case, the superfield Wλ =
i
8
∫
du(D−)2V ++ does not
8
depend on harmonics and moreover, in this case there is no distinction between Wλ and
W. The Bianchi identity (9) takes the form
D+αˆD
+
βˆ
W =
1
4
εαˆβˆ(D
+)2W, (16)
where we have used the notation (D+)2 = D+αˆD+αˆ . Using these identities, the authors of
[21] built an important covariantly analytic superfield G++:
−iG++ = D+αˆWD+αˆW +
1
4
{W, (D+)2W}, D+αˆG
++ = 0, D++G++ = 0 . (17)
This superfield can be transformed to the form
G++ = (D+)4(V −−W), (18)
where (D±)4 = − 1
32
(D±)2(D±)2 and 1
2
(D+)4(D−−)2Φ(ζ) = −1
4
DαˆβˆDαˆβˆΦ(ζ).
Unlike the 4D, N = 2 case, the chiral superspaces are not Lorentz-covariant in the
case of 5D, so that to construct the superfield actions we can use only the full superspace
or else the analytic superspace. In the full harmonic superspace the 5D SYM action has
the universal form [35]
SSYM(V
++) =
1
g2SYM
∞∑
n=1
(−1)n
n
tr
∫
d13zdu1 . . . dun
V ++(z, u1) . . . V
++(z, un)
(u+1 u
+
2 ) . . . (u
+
nu
+
1 )
, (19)
where g2SYM is the coupling constant of dimension [g
2
SYM ] = 1. The SYM action in terms
of the component fields defined by (13) is
SSYM =
1
g2SYM
∫
d5x{−
1
4
F abFab −
1
2
DaφDaφ+
1
4
Y ijYij +
i
2
λi 6Dλi −
1
2
λi[φ, λi}. (20)
The SYM equations of motions (D+)2W = 0, ✷W = 0 have a vacuum Abelian solution
V ±± = i(θ±)2Z where Z is the linear combination of the Cartan generators of the gauge
group [19]. This vacuum solution spontaneously breaks the gauge symmetry, but it con-
serves the 5D supersymmetry with the central charge and produces BPS masses of the
Z-charged fields. In addition, let us note that on-shell, the degrees of freedom (1+3)B+4F
in W match the degrees of freedom in a 5D tensor multiplet described by the superfield
Φ subject to the constraint D
(i
αˆD
j)
βˆ
Φ = 0. The θ-expansion of Φ is
Φ = ϕ+ θαˆi χ
i
αˆ + θ
αˆ iθβˆi Hαˆβˆ + . . . , (21)
where Hαˆβˆ =
1
2
(Σaˆbˆ)αˆβˆHaˆbˆ is dual to the 3-form field strength Faˆbˆcˆ of the 2-form gauge
field Baˆbˆ. In this situation the vector massless representation is equivalent under duality
to a tensor representation.
The other universal procedure to construct 5D manifestly supersymmetric actions is
based on ideas developed in [36]. Let us consider two vector multiplets, namely a U(1)
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vector multiplet V ++∆ and a Yang-Mills vector multiplet V
++
SYM . They can be coupled in a
gauge-invariant way, using the interaction
SSYM =
∫
dζ (−4)V ++∆ trG
++
SYM , (22)
where G++SYM corresponds to a non-Abelian multiplet and is defined in eg. (17). If we
assume that the physical scalar field in V ++∆ possesses a non-vanishing expectation value
< V ++∆ (ζ, u) >= i(θ
+)2 1
g2
YM
, then one gets
SSYM =
1
g2YM
∫
dζ (−4)i(θ+)2trG++SYM . (23)
The integration in (22), (23) is carried out over the analytic subspace of the harmonic
superspace ∫
dζ (−4) ≡
∫
d5xdu(D−)4. (24)
2.2 The super Chern-Simons model
Let us consider the 5D harmonic superspace formulation of a supersymmetric Chern-
Simons (SCS) model. The off-shell non-Abelian SCS action in five dimensions was first
constructed in [32]. SCS model possesses remarkable properties, which makes this theory
very interesting for various applications. First of all, in five dimensions the pure U(N)
and SU(N) Chern-Simons theories have superconformal fixed points [4]. Another reason
to study the SCS models is that they can be generated by integrating out the massive
hypermultiplets in the SYM theory [2], [6] when the hypermultiplets transform in com-
plex representations of the gauge group. For example, if we consider the masses of the
hypermultiplets as the UV cut-off, we obtain the Chern-Simons term in the one-loop cor-
rection to the classical theory. Hence inclusion of this term can be important in some
cases to get a complete description of the theory. In a manifestly supersymmetric setting,
where the entire vector supermultiplet is taken into account, the corresponding one-loop
calculation was given in [20], both in the Coulomb and non-Abelian phases. Using the
covariant harmonic supergraphs and the heat kernel techniques in harmonic superspace
[14], [15], it was shown that the hypermultiplet effective action contains the SCS term.
Finally Chern-Simons theory can be important in the relation between the 5D SYM and
6D (2, 0) theories. In particular, one can argue [6] that the 5D Chern-Simons term can
be generated by the anomaly terms in the six-dimensional theory.
In general, in space-time with dimension (2n − 1), the action of the Chern-Simons
theory can be constructed using the Chern-Simons form Σ2n−1, defined as dΣ(2n−1) =
tr [F n] where F = dA+ iA∧A is the gauge field strength two-form and its powers F n are
defined by the wedge product. In three space-time dimensions this form gives rise to the
famous 3D Chern-Simons action. In the 5D Chern-Simons theory the action is given by
SCS =
k
12
∫
d5xεaˆbˆcˆdˆeˆtr {AaˆFbˆcˆFdˆeˆ − iAaˆFbˆcˆFdˆeˆ −
2
5
AaˆAbˆAcˆAdˆAeˆ},
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where k is the Chern-Simons level which plays the role of the coupling constant. Here
Aaˆ is the gauge field with the gauge group SU(N) or U(N). The field Aaˆ transforms
under the gauge transformation g as Aaˆ → g
−1Aaˆg− ig
−1∂aˆg. Under this transformation,
SCS gets an additional term δSCS given, modulo a total derivative, by δSCS = 2πik Q(g),
where Q(g) takes only integer values. Like in the case of three-dimensional Chern- Simons
theory, gauge invariance of the partition function leads to k ∈ Z. However, despite the
fact that the action of the theory CS does not depend on the metric and thus the theory
is topological, the five (and, generally, any higher odd) dimensional case admits local
propagating degrees of freedom [37].
Unlike the component construction of [32], a closed-form expression for the non-
Abelian SCS action has never been given in terms of the superfields. Here there exists
only a unique definition of the variation of the SCS action with respect to an infinitesimal
deformation of the gauge potential V ++. However, as it was noted in [30], it is unknown
how to integrate this variation in a closed form to obtain the action as an integral over
the superspace. The component formulation of the non-Abelian SCS model can be con-
structed in the framework of the superform approach [30], where a closed-form expression
for the non-Abelian SCS action was given. The superfield analysis in the Abelian case is
more transparent and the SCS action was derived in the 5D N = 1 harmonic [19], [21]
and projective superspaces [29].
The approach of constructing the manifestly supersymmetric actions developed in [19],
[21] leads to Abelian SCS action in the form
SSCS =
1
12g2
∫
dζ (−4)V ++G++, D+αˆG
++ = D++G++ = 0. (25)
The action (25) is invariant under the gauge transformations −δV ++ = D++λ. The equa-
tions of motions for the model with such an action are
−iG++ = D+αˆWD+αˆW +
1
2
W(D+)2W = 0. (26)
The Abelian SCS theory with the superfield action (25) leads to the following compo-
nent action:
SSCS =
1
2g2
∫
d5x{
1
3
εaˆbˆcˆdˆeˆAaˆFbˆcˆFdˆeˆ −
1
2
φF aˆbˆFaˆbˆ − φ∂
aˆφ∂aˆφ+
1
2
φY ijYij (27)
−
i
2
Faˆbˆ(ψ
iΣaˆbˆψi) + iφ(ψ
k 6∂ψk)−
i
2
Yij(ψ
iψj)}.
The action (27) clearly shows that the five dimensional Abelian SCS theory is a non-trivial
interacting field model (see e.g. [38]).
The theory (27) is superconformal at the classical level and the coupling constant g2
is dimensionless. The latter can mean a renormalizability of the theory. However, the
action (27) does not involve a quadratic part and perturbative calculations, based on the
weakness of the interaction term with respect to the free part, are impossible. However,
11
we can use the presence of the vacuum moduli space < φ >= m in the Lagrangian (27).
This allows one to decompose the Lagrangian into the free and interaction parts and
construct the S matrix in a conventional way. However in this case, conformal symmetry
of the original Lagrangian is broken spontaneously and the mass parameter in the action
makes the theory nonrenormalizable.
2.3 5D N = 1 hypermultiplet in harmonic superspace
Here we briefly discuss the hypermultiplet formulation in harmonic superspace.
On mass-shell, the 5D, N = 1 massless hypermultiplet contains two complex scalar
fields forming an isodoublet of the automorphism group SU(2)A of the supersymmetry
algebra (1) and an isosinglet Dirac spinor field. The description of the off-shell hypermulti-
plet in terms of the analytical supspace of harmonic superspapce is completely analogous
to the description of a 4D, N = 2 hypermultiplet. Like in the four-dimensional 4D,
N = 2 supersymmetric theory [16], the off-shell hypermultiplet coupled to the vector su-
permultiplet is described by a superfield q+(ζ) and its conjugate q¯+(ζ) with respect to the
analyticity preserving conjugation [17]. The classical action for a massless hypermultiplet
coupled to the background 5D, N = 1 vector multiplet is
Shyper = −
∫
dζ (−4)q¯+D++q+. (28)
The hypermultiplet that transforms in a real representation of the gauge group, on-
shell has scalars in the representations (1 + 3) of SU(2)A and an SU(2)A doublet of
pseudo-Mayorana fermions. It can be described by a real analytic superfied ω(ζ). Such
a superfield is called the ω-hypermultiplet. The action describing an interaction of this
hypermultiplet with a vector supermultiplet is written in the form
Sω = −
1
2
∫
dζ (−4)(D++ω)2. (29)
3 The background field formulation for quantum N = 1
super Chern-Simons
In this section we will construct the background field method for the superfield theory
with action (25).
The harmonic superfield background field method (see construction of this method for
4D, N = 2 SYM theory in [14]) is based on the so-called background-quantum splitting
of the initial gauge field into two parts: the background field V ++ and the quantum field
v+
V ++ → V ++ + v++. (30)
To quantize the theory, one imposes the gauge fixing conditions only on the quantum field,
introduces the corresponding ghosts and considers the background field as the functional
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argument of the effective action. Then, the original infinitesimal gauge transformations
(12) can be realized in two different ways: as the background transformations
δV ++ = −D++λ− i[V ++, λ] = −D++λ, δv++ = i[λ, v++] , (31)
and as the quantum transformations
δV ++ = 0, δv++ = −D++λ− i[v++, λ]. (32)
To construct an effective action as a gauge-invariant functional of the background super-
field V ++ we will use another form of writing the action (25)3
SSCS =
1
12g2
tr
∫
dζ (−4)V ++G++ =
1
12g2
tr
∫
d5xd8θdu V ++V −−Wλ, (33)
and expand the action S[V ++ + v++] in powers of the quantum field v++:
S =
∞∑
n=1
tr
∫
d13z1du1 . . . dzndun
1
n!
δnS
δv++(1) . . . δv++(n)
|v++=0v
++
τ (1) . . . v
++
τ (n). (34)
Here Wλ, and v++τ denote the λ- and τ -frame forms of W, and v
++ respectively
Wλ = e
ivWτe
−iv, v++τ = e
−ivv++eiv.
Each term in the action (34) is manifestly invariant with respect to the background gauge
transformations. The first variation of the action is
δSSCS =
1
4g2
tr
∫
d13zduδV ++V −−Wλ =
1
4g2
tr
∫
d13zduv++τ V
−−
τ Wτ , (35)
where v++τ = e
−ivδV ++eiv. It depends on V ++ via the dependence of v++τ on the bridge v.
The term linear in v++ determines the equations of motion. This term should be dropped
when one considers the effective action.
To determine the second variation of the action it is necessary to express δV −− via
δV ++. A variation of V ++ = −ieiv(D++e−iv) can be represented as e−ivδV ++eiv =
iD++(e−ivδeiv) = δV ++τ . This equation is solved in the form
(e−ivδeiv) = −i
∫
du1
(u+u−1 )
(u+u+1 )
δV ++τ (u1). (36)
3Here we use the identity
−
1
32
(D+)2(D+)2[V −−W ] = −
1
32
(D+)2{−8iWW + 2D+βV −−D+βW + V
−−(D+)2W}
= i(D+αWD+αW +
1
4
{W , (D+)2W})
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Now
δV −−τ = iD
−−(e−ivδeiv) = D−−
∫
du1
(u+u−1 )
(u+u+1 )
δV ++τ (u1) =
∫
du1
δV ++τ (u1)
(u+u+1 )
2
. (37)
Calculating the second variation of the action yields the result
δ2SSCS =
1
2
∫
d5xd8θ
du1du2
(u+1 u
+
2 )
2
1
g2(W)
δV ++(u1)δV
++(u2) . (38)
Here
1
g2(W)
=W . (39)
These two expressions illustrate the specific feature of 5D, N = 1 SCS theory as a theory
with local coupling constant (since there is a non-trivial background-dependent factor in
the vector field kinetic operator) [14].
In the framework of the background field method, we should fix only the quantum field
gauge transformations. As to the superfieldW it is invariant under these transformations.
Let us introduce the gauge fixing function in the form
F (+4) = D++v++, (40)
which changes by the law
δF (+4) = (D++(D++λ+ i[v++, λ])), (41)
under the quantum gauge transformations. Eq. (41) leads to the Faddeev-Popov deter-
minant and to the corresponding ghost action
SFP = tr
∫
dζ (−4)du b (D++)2c. (42)
Next we average the δ(F (+4) − f (+4)) with the weight
1 = ∆[V ++] exp{
1
2α
∫
d13zdu1du2f
(+4)
τ (u1)W
(u−1 u
−
2 )
(u+1 u
+
2 )
3
f (+4)τ (u2)}. (43)
Here α is an arbitrary gauge parameter, ∆[V ++] is determinant of the Nielson-Kallosh
ghosts and f
(+4)
τ = e−ivf (+4)eiv is a tensor of the τ -group. Note that we need the insertion
of the superfield W to balance the dimensions. The functional ∆[V ++] is chosen from the
condition
∆−1[V ++] =
∫
Df (+4) exp{
1
2α
∫
dζ
(−4)
1 dζ
(−4)
2 f
(+4)
τ (1)Aˆ(1, 2)f
(+4)
τ (2)} = Det
−1/2Aˆ.
The background field dependent operator Aˆ has the form
Aˆ =
(u−1 u
−
2 )
(u+1 u
+
2 )
3
(D+1 )
4W(1)(D+2 )
4δ13(z1 − z2),
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and act on the space of analytic superfields. Thus
∆[V ++] = Det1/2Aˆ. (44)
To find DetAˆ we represent it by a functional integral over analytic superfields of the
form
Det−1(Aˆ) =
∫
Dχ(+4)Dρ(+4) exp
{
− itr
∫
dζ
(−4)
1 dζ
(−4)
2 χ
(+4)(1)Aˆ(1|2)ρ(+4)(2)
}
, (45)
and perform the following replacement of functional variables
ρ(+4) = (D++)2σ, Det(
δρ(+4)
δσ
) = Det(D++)2. (46)
Further, repeating the construction of the effective action from the work [34] we obtain
∫
d13zdu1du2χ
(+4)
1 W
(u−1 u
−
2 )
(u+1 u
+
2 )
3
(D++2 )
2σ2 =
∫
d13zduχ(+4)τ W
1
2
(D−−)2στ
=
∫
dζ (−4)χ(+4)
⌢
✷W σ,
where
⌢
✷W=
1
2
(D+)4W(D−−)2, (47)
is the deformed version of the covariant analytic d’Alembertian [21]
⌢
✷=
1
2
(D+)4(D−−)2. (48)
Eventually we get the representation of ∆[V ++] by the following functional integral
∆[V ++] = Det−1/2(D++)2Det1/2(4,0)(
⌢
✷W) = Det
1/2
(4,0)(
⌢
✷W)
∫
DϕeiSNK [ϕ,V
++]. (49)
Here Det(q,4−q)(H) is defined as follows
Det(q,4−q)Hˆ = e
Tr (q,4−q) ln Hˆ , (50)
and the functional trace of operators acting on the space of covariantly analytic superfields
of U(1) charges q and 4− q is
Tr (q,4−q)Hˆ = tr
∫
dζ (−4)H(q,4−q)(ζ, ζ), (51)
where ’tr ’ is the matrix trace and H(q,4−q)(ζ1, ζ2) is the kernel of the operator. Superfield
ϕ in (49) is a bosonic real analytic superfield, the Nielsen-Kallosh ghost, with the action
SNK = −
1
2
∫
dζ (−4)D++ϕ D++ϕ. (52)
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Upon averaging the effective action ΓSCS[V
++] with the weight (43), one gets the
following path integral representation of the one-loop effective action Γ
(1)
SCS[V
++] for the
Abelian 5D SCS theory
eiΓ
(1)
SCS
[V ++] = eiSSCS [V
++]
∫
Dv++DbDcDϕeiSquant[v
++,b,c,ϕ,V++], (53)
where
Squant = ∆SSCS[v
++, V ++] + Sgh[v
++, V ++] + SFP [b, c, v
++, V ++] + SNK [ϕ, V
++]. (54)
Here Sgh[v
++, V ++] is the gauge fixing contribution to the action of quantum superfields
Sgh[v
++, V ++] =
1
2α
∫
d13zdu1du2D
++
1 v
++
1 W
(u−1 u
−
2 )
(u+1 u
+
2 )
3
D++2 v
++
2 (55)
=
1
2α
∫
d13zdu1du2W
v++1 v
++
2
(u+1 u
+
2 )
2
+
1
2α
∫
d13zdu1du2Wv
++
1
1
2
(D−−)2δ(2,−2)(u1, u2)v
++
2 .
The sum of the quadratic part ∆SSCS (38) in quantum superfield v
++ and Sgh (55) for
special values α = −1 has the form
−
1
2
∫
dζ (−4)duv++(D+)4W(D−−)2v++ = −
1
2
∫
dζ (−4)duv++
⌢
✷W v
++. (56)
Eqs. (53)-(54) completely determine the structure of the perturbation expansion to calcu-
late the one-loop effective action Γ
(1)
SCS[V
++] of the pure N = 1 SCS theory in a manifestly
supersymmetric and gauge invariant form4. The complete one-loop effective action is given
by the sum of the contributions coming from the ghost superfields and from the quantum
superfields v++. It has the form
Γ˜
(1)
SCS = i
[1
2
Tr ln(D++)2 − Tr ln(D++)2
]
+
i
2
{
Tr ln
⌢
✷W (2,2) −Tr ln
⌢
✷W (4,0)
}
. (57)
Here the first term is the contribution from the Nielsen-Kallosh ghosts, the second term
is the contribution from the Faddeev-Popov ghost and the third term is the contribution
from the vector multiplet. In the next subsection we will consider the contribution to
this effective action from the SCS multiplet, The contribution from the ghosts will be
considered in section 5.
4We restricted ourselves to the one loop approximation. However, the same construction will be valid
at any loop if we replace in (53) the quadratic part of the action for the quantum superfields with the
general non-quadratic action.
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3.1 The proper-time representation of the contributions in (57)
from the Chern-Simons vector multiplet
The contribution of the Chern-Simons vector multiplet to (57) can be written in the
proper-time representation (see the analogous representation for 4D, N = 2 SYM theories
in [15]):
Γ
(1)
SCS = −
i
2
∫ ∞
0
ds
s
Tr (eis
⌢
✷WΠ
(2,2)
T ), (58)
where Π
(2,2)
T is the five-dimensional gauge covariant version of the projector [34], [15] on the
space of covariant analytic transverse superfields v++. The properties of the Π
(2,2)
T (ζ1, ζ2)
were described in the paper [29].
For later, it is convenient to rewrite the projector Π
(2,2)
T (ζ1, ζ2) in a different form. Here
we follow the work [15]. We have 5
Π
(2,2)
T (ζ1, ζ2) = δ
(2,2)
A (1, 2)−Π
(2,2)
L (1, 2) (59)
= δ
(2,2)
A (1, 2)−D
++
1 D
++
2
1
⌢
✷1
(D+1 )
4(D+2 )
4δ13(z1 − z2)
(u−1 u
−
2 )
(u+1 u
+
2 )
3
.
The operator
⌢
✷ is defined by (48). As a result, Π
(2,2)
T can be expressed as
Π
(2,2)
T (ζ1, ζ2) =
1
⌢
✷1
[D++1 ,
⌢
✷1]
1
⌢
✷1
(D+1 )
4(D+2 )
4δ13(z1 − z2)
(u−1 u
+
2 )
(u+1 u
+
2 )
3
(60)
−
1
⌢
✷1
(D+1 )
4(D+2 )
4δ13(z1 − z2)
1
(u+1 u
+
2 )
2
.
Note that the first term does not vanish since [D++,
⌢
✷]Φ(q) = 1
4
(D+2W)(1− q)Φ(q).
The next step is a representation of a two-point function in the form
(D+1 )
4(D+2 )
4 1
(u+1 u
+
2 )
q
=
= (D+1 )
4{(D−1 )
4(u+1 u
+
2 )
4−q −
1
4
(u+1 u
+
2 )
3−q(u−1 u
+
2 )∆
−−
1 − (u
+
1 u
+
2 )
2−q(u−1 u
+
2 )
2 ⌢
✷1} (61)
+
1
4
(q − 3)(u+1 u
+
2 )
1−q(u−1 u
+
2 )
3(D+D+W),
where
∆−− = iDαβD−αD
−
β +W(D
−)2 + 4(D−αW)D−α + (D
−D−W). (62)
5Here we are using a manifestly analytic form of the delta function:
δ
(2,2)
A (1, 2) =
1
2
⌢
✷1
(D+1 )
4(D+2 )
4δ13(z1 − z2)(D
−−
2 )
2δ(−2,2)(u1, u2)
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This representation was obtained in the work [20]. As a result one gets the following
expression for Π
(2,2)
T :
Π
(2,2)
T (1|2) = (u
−
1 u
+
2 )
2(D+1 )
4δ13(z1 − z2)−
1
⌢
✷1
{
(u+1 u
+
2 )−
1
4
(u−1 u
+
2 )(D
+2W)
1
⌢
✷1
}
(63)
×(D+1 )
4
{
(D−1 )
4(u+1 u
+
2 )−
1
4
(u−1 u
+
2 )∆
−−
1
}
δ13(z1 − z2).
It is useful to compare this expression with a similar projector in 4D, N = 2 SYM theory
[15] .
3.2 The deformed covariantly analytic d’Alembertian
⌢
✷W
The operator in the quadratic part of the action for quantum fields plays a fundamental
role in calculations of the effective action in the framework of the background field method.
In the case under consideration this operator is
⌢
✷W (47).
In the analytic subspace the operator
⌢
✷W (47) is rewritten in the form
1
2
(D+)4W(D−−)2 = (−
1
64
)
{
W(D+)4 + 4(D+αˆW)D+αˆ (D
+)2 + ((D+)2W)(D+)2
}
(D−−)2.
The first term here is, up to the multiplier W, the standard covariant analytic
d’Alembertian (48)
−
1
64
W(D+)2(D+)2(D−−)2 =W[DaˆDaˆ−
1
4
(D+αˆD+αˆW)D
−−+(D+αˆW)D−αˆ+
1
4
(D−αˆD+αˆW)−W
2]
=W
⌢
✷ .
The deformation of the operator defined by (47) is stipulated by the superfield W as
follows
(−
1
64
)((D+)2W)(D+)2(D−−)2 = (−
1
64
)((D+)2W)[2(D−)2 + 16WD−−],
(−
1
64
)4(D+αˆW)×D+αˆ (D
+)2(D−−)2 = (−
1
64
)4(D+αˆW)× [16(D+αˆW)D
−−
−8WD−αˆ − 8iDαˆβˆD
−βˆ − 16(D−αˆW)].
Summing up all together we obtain
⌢
✷W=W
{
DaˆDaˆ − [
D+αˆWD+αˆW
W
+
1
2
(D+αˆD+αˆW)]D
−− −
1
32
(D+2W)
W
(D−)2 (64)
+
3
2
(D+αˆW)D−αˆ +
1
2W
(D+αˆW)iDαˆβˆD
−βˆ +
D+αˆWD−αˆW
W
+
1
4
D−αˆD+αˆW −W
2
}
.
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This is a final result for the operator
⌢
✷W acting on analytic superfields.
The deformed covariantly analytic d’Alemberian
⌢
✷W possesses a useful property
[D+αˆ ,
⌢
✷W ] = 0. It is important to note that the coefficient at the harmonic derivative
D−− in (64) is − 1
W
G++ and that on the equations of motion (26) this term vanishes! Also
on the equations of motion D−−G++ = 0 and therefore
D+αˆWD−αˆW
W
+
1
4
(D−D+W) = −
1
4
(D+D−W).
This means that in this case the operator
⌢
✷W takes the form
⌢
✷W=W
{
DaˆDaˆ −
1
32
(D+2W)
W
(D−)2 +
3
2
(D+αˆW)D−αˆ +
1
2W
(D+αˆW)iDαˆβˆD
−βˆ (65)
−
1
4
(D+D−W)−W2
}
.
3.3 The leading contribution to effective action of the 5D SCS
multiplet
Our next aim is to calculate the leading low-energy quantum contribution to the one-
loop effective action. To do that it is sufficient to evaluate the one-loop effective action
Γ
(1)
SCS[V
++] for an on-shell background vector multiplet. The representation (58) provides
a simple and powerful scheme for computing the effective action in the framework of 5D,
N = 1 superfield proper-time technique6.
If the background gauge multiplet is on-shell, G++ = 0, the analytic d’Alembertian
⌢
✷W does not involve any harmonic derivative D−−, but
⌢
✷ contains the factor D+2WD−−.
Hence, we get
1
⌢
✷1
(u+1 u
+
2 ) = (u
+
1 u
+
2 )
1
⌢
✷1
+
1
⌢
✷1
1
4
(D+2W)(u−1 u
+
2 )
1
⌢
✷1
.
Taking into account this relation we obtain that the second term in the operator Π(2,2) is
absent. Therefore the projector is reduced only to (D+)4δ13(z1 − z2). Then
Γ
(1)
SCS[V
++] = −
i
2
∫
ds
s
∫
dζ (−4)eis
⌢
✷W (D+)4δ13(z1 − z2)|z1=z2. (66)
Now we replace the delta-function in (66) by its Fourier representation
δ5(x1 − x2)(D
+
1 )
4δ8(θ1 − θ2) =
∫
d5p
(2π)5
eipaˆρ
aˆ
δ4(θ+1 − θ
+
2 ), (67)
where ρaˆ = (x1 − x2)aˆ − 2i(θ
+
1 − θ
+
2 )Γ
aˆθ−2 is the supersymmetric interval. Then we push
eipaˆρaˆ through all the operator factors in (66) to the left and then replace it by unity in the
coincidence limit. This leads to the following transformation of the covariant derivatives
Daˆ → Daˆ + ipaˆ, D
−
αˆ → D
−
αˆ − 2ipαˆβˆ(θ1 − θ2)
−βˆ. (68)
6Note that Tr lnW does not contribute to (57).
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Note that the shift −2ipαˆβˆ(θ1 − θ2)
−βˆ in D−αˆ vanishes in the coincidence limit since there
is no enough operators D+αˆ to annihilate (θ
−
1 − θ
−
2 ). To get the expansion of the effective
action in the background fields and their derivatives we should expand the exponent
of the operator and calculate the standard momentum integrals. Thus, we expand the
exponent eis
⌢
✷W in powers of spinor derivatives near e−isp
2
up to the fourth order in spinor
derivatives (it corresponds to expanding up to the fourth order in the proper time) and use
the identity −1
2
(D−1 )
4δ4(θ+1 − θ
+
2 )|θ1=θ2 = 1. It remains to perform a standard integration
over the momentum variables and over the proper-time. The final result has the form
Γ
(1)
SCS[V
++] =
5
(16π)2
∫
d13zW ln
W
Λ
. (69)
Here Λ is some scale7. One can show, using the methods developed in [22], that the action
(69) is superconformal. A component form of (69) in the bosonic sector corresponds to
the Lagrangian F
4
φ3
.
The effective action (69) can be treated as the 5D analogue of the non-holomorphic
potential in 4D,N = 2 supersymmetric gauge theories. This effective action is also similar
to the action of the the so-called 4D improved tensor multiplet [39].
4 The leading contribution to the effective action of a
5D SYM multiplet
It is interesting and instructive to compare the one-loop leading low-energy effective action
in 5D SCS theory and in 5D SYM theory.
5D, N = 1 SYM theory is described by the action (see (14), (19)):
SSYM =
1
g2SYM
∫
d13z V ++V −− , (70)
where the coupling constant has dimension [g2SYM ] = 1.
Let us consider the construction of the background field method for the theory (70).
It is obvious that the second variation of the action has the form completely analogous to
the 4D, N = 2 case
δ2S =
1
g2SYM
∫
d13zdu1du2δV
++(u1)δV
++(u2)
1
(u+1 u
+
2 )
2
. (71)
Therefore we can simply repeat step by step all the stages of the construction of the
effective action developed in [14], [15]. In particular, we can use the same choice of the
7It is easy to see that the effective action (69) does not depend on the scale, since
∫
d13zW ln Λ = lnΛ
∫
dζ(−4)(D+)4W = 0.
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gauge conditions on the quantum superfield D++v++ = 0 and the same procedure to fix
gauge as in [14]. It gives the sum of the quadratic part of action (71) and the corresponding
gauge-fixed action in the form SGF
S2 + Sgh =
1
2
(1 +
1
α
)
∫
d13zdu1du2
1
g2SYM
v++(1)v++(2)
(u+1 u
+
2 )
2
−
1
2α
∫
d13zdu
1
g2SYM
v++
1
2
(D−−)2v++
Further we put gauge parameter α = −1.
The derivation of the general expression for the one-loop effective action in 5D SYM
theory is completely analogous to derivation of the expression (57). The final result is
Γ˜
(1)
SYM = −
i
2
Tr ln(D++)2 +
i
2
(Tr (2,2) ln
⌢
✷ −Tr (0,4) ln
⌢
✷). (72)
The first term is the contribution of the ghosts and the second term is the contribution
of a SYM multiplet. Here the covariantly analytic d’Alembertian
⌢
✷ is given by (48) and
has the form [20]
⌢
✷= −
1
64
(D+)4(D−−)2| = DaˆDaˆ + (D
+αˆW)D−αˆ −
1
4
(D+αˆD+αˆW)D
−− (73)
+
1
4
(D−αˆD+αˆW)−W
2.
Now we consider a calculation of the contribution to the effective action (72) from a
SYM multiplet. Contribution of the first term in (72) will be calculated in section 5. In
the proper-time representation, the contribution of SYM multiplet has the form analogous
to (58)
Γ
(1)
SYM = −
i
2
∫ ∞
0
ds
s
Tr (eis
⌢
✷Π
(2,2)
T ). (74)
The only difference with (58) is the operator
⌢
✷ instead of the operator
⌢
✷W . To find
the leading low-energy contribution to effective action it is sufficient to consider the on-
shell background superfield. Classical on-shell equation for the 5D SYM theory look like
(D+)2W = 0. In this case the covariantly analytic d’Alembertian
⌢
✷ and the projection
operator Π
(2,2)
T are simplified and we have the effective action in the following form
Γ
(1)
SYM = −
i
2
∫ ∞
0
ds
s
Tr eis
⌢
✷Π
(2,2)
T = −
i
2
∫ ∞
0
ds
s
∫
dζ (−4)eis
⌢
✷(D+)4δ13(z1 − z2),
Evaluation of this expression is realized completely the same way as it was done in the
subsection 3.3 to obtain the (69). The final result has the form
Γ
(1)
SYM =
1
24π2
∫
d13z W ln
W
Λ
. (75)
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We see that the functional form of the effective action (75) generated by a SYM multiplet
coincides with the one generated by a SCS multiplet (69). Although the on-shell conditions
for 5D SCS theory and for 5D SYM theory are different and, moreover, 5D SYM theory
is characterized by a dimensional coupling constant, the leading low-energy contributions
in these two theories to the one-loop effective action turn out to be the same up to a
numerical coefficient.
5 The leading and next-to-leading contributions of the
ghosts and matter superfields
The ghost contribution to the one-loop effective action in both SCS and SYM theories is
defined by the expression
Γ
(1)
ghost = −
i
2
Tr ln(D++)2. (76)
The contribution from matter hypermultiplet superfields differs only by a sign and by the
choice of the representation of the gauge group. Hence, to find the leading contribution
to (76) we can use the results from the previous analysis [20] of the effective action for a
q-hypermultiplet coupled to a background vector multiplet8. It was shown in that paper
that the leading quantum correction is the SCS action. Therefore, further we will focus
only on the first next-to-leading correction.
For calculation of the first next-to-leading contribution to the effective action (76) we
will follow the procedure proposed in the papers [15], [20]. This procedure is based on
calculating the variation of the effective action with its subsequent restoration given the
obtained variation.
Let Γ
(1)
hyper be the one-loop contribution to the effective action from either matter
hypermultiplets or from ghosts
Γ
(1)
hyper = (±)iTr lnD
++ = ∓iTr lnG(1,1) , (77)
where the upper sign corresponds to the contribution from matter and the lower sign
to that of ghosts. Further, for simplicity, we will consider for only the plus sign. Here
G(1,1)(ζ1, ζ2) is the hypermultiplet Green function satisfying the equation
D++1 G
(1,1)(ζ1, ζ2) = δ
(3,1)
A (ζ1, ζ2) , (78)
where δ
(3,1)
A (ζ1, ζ2) is the appropriate covariantly analytic delta-function
δ
(3,1)
A (ζ1, ζ2) = (D
+
1 )
4δ13(z1 − z2)δ
(−1,1)(u1, u2)1.
8From a formal point of view, the effective action (76) corresponds to a so called ω-hypermultiplet
[17]. It was pointed out some time ago [14] that this effective action is equal, up to the coefficient 2,
to the effective action for a q hypermultiplet. Therefore, further we will take into account just the q
hypermultiplet effective action
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This equation is similar to the equation for the hypermultiplet Green function in 4D, N =
2 theories and we can use methods developed in [14]. The Green function G(1,1)(ζ1, ζ2)
can be written in the form
G(1,1)(ζ1, ζ2) = −
1
⌢
✷1
(D+1 )
4(D+2 )
4δ13(z1 − z2)
1
(u+1 u
+
2 )
3
1. (79)
Here
⌢
✷ is the covariantly analytic d’Alembertian (73) and (u+1 u
+
2 )
−3 is a special harmonic
distribution [34].
The variation of the effective action (77) under the background superfield V ++ is
written as follows (see [15], [20] for details)
δΓ
[1]
hyper = −
∫
dζ (−4)
{
δV ++G(1,1)
}
(80)
To evaluate this expression one can use the proper-time technique. The leading low-energy
contribution goes from the terms without derivatives of W. It was calculated in [20] and
has the form
δΓ
[1]
hyper = −
1
(4π)2
sign(W)
∫
d13zduδV ++V −−W . (81)
The variation of (81) corresponds precisely to the classical action (25) of the SCS gauge
theory.
Our main purpose in this section is to find the first next-to-leading correction to the
SCS action. First of all one considers the Dyson type equation relating the free and full
hypermultiplet propagators [14]
G(1,1)(1|2) = G(1,1)0 (1|2)−
∫
dζ
(−4)
3 G
(1,1)
0 (1|3)iV
++(3)G(1,1)(3|2) . (82)
Substituting eq.(82) into the variation (80), one finds
δΓ
(1)
hyper =
∫
dζ
(−4)
1 dζ
(−4)
2 δV
++(1)iV ++(2)G
(1,1)
0 (1|2)G
(1,1)(2|1) .
Taking into account the explicit form of the propagator (79), we rewrite this expression
as follows
δΓ
(1)
hyper =
∫
dζ
(−4)
1 dζ
(−4)
2 δV
++(1)
1
✷1
(D+1 )
4(D+2 )
4 δ
13(z1 − z2)
(u+1 u
+
2 )
3
(83)
×iV ++(2)
1
⌢
✷2
(D+2 )
4(D+1 )
4 δ
13(z2 − z1)
(u+2 u
+
1 )
3
.
Now we use the spinor derivatives from the first delta-function to restore the full N =
1 superspace measure according to the rule
∫
dζ (−4)(D+)4 =
∫
d13z. So far, we did
not consider any restrictions for the background superfield, therefore (83) is the exact
representation for the one-loop hypermultiplet effective action. In principle it can be a
starting point for calculations of different contributions to the one-loop effective action.
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To compute the first next-to-leading quantum corrections to (81) it is sufficient to
expand in (83) the covariant analytic d’Alembertian in powers of the derivatives of the
background superfields. Let us remember that the Green function of the hypermultiplet
is antisymmetric with respect to the permutation of its arguments. This allows us to
rewrite the expression (83) in the form
δΓ
[1]
hyper = −
∫
d13zdu1du2
δV ++(1)
(u+1 u
+
2 )
3
1
✷
(D+1 )
2iV ++(2)
1
⌢
✷1
(−
1
32
)(D+1 )
2(D+2 )
4 δ
13(z2 − z1)
(u+1 u
+
2 )
3
.
(84)
The next step is the expansion of the operator
⌢
✷ in the denominator in power series of the
derivatives of W. In this expansion we keep only the leading terms with two derivatives.
It leads to
δΓ
(1)
hyper = −
∫
d13zdu1du2
δV ++(1)
(u+1 u
+
2 )
2
(D−2 )
2iV ++(2)
1
✷
D+1WD
+
1 W
(✷−W2)3
(−
1
4
)(D−2 )
4(D+2 )
4δ13(z2−z1).
Now the usual steps lead to
δΓ
[1]
hyper =
i
6(4π)2
∫
d13zduδV −−
D+WD+W
W2
= −
i
6(4π)2
∫
d13zduδV −−(D+)2 lnW = −
1
12π2
∫
d13zδW lnW .
As a result we obtain the first next-to-leading contribution to the one-loop hypermultiplet
effective action in the form
Γ
[1]
hyper = chyper
∫
d13z W ln
W
Λ
. (85)
Here chyper is a numerical coefficient depending on details of the hypermultiplet action
(such as the number of components, the representation, whether hypermultiplet super-
fields are commuting or anticommuting). We see that the effective action (85) has the
same functional structure as the effective actions generated by the SCS multiplet (69) and
by the SYM multiplet (75).
6 Summary
We have considered the five-dimensional N = 1 supersymmetric field models such as
the Abelian Chern-Simons theory, the Yang-Mills theory and the hypermultiplet theory
coupled to a background vector multiplet, formulated in the harmonic superspace ap-
proach. In all these models we calculated the universal four derivative contributions to
the one-loop effective action.
In the 5D SCS theory we have developed the background field method in harmonic
superspace and represented the one-loop effective action in terms of functional determi-
nants of the operators acting in the analytic subspace of harmonic superspace (Eq. (57)).
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The above expression contains the contributions from the ghost superfields and from a
SCS vector multiplet superfield. We studied the structure of the latter contribution to
the effective action and evaluated the leading low-energy effective action (Eq. (69)).
The same consideration has been realized in 5D SYM theory as well. We developed the
background field method for this theory, found the one-loop effective action in terms of
the functional determinants of the differential operators acting in the analytic subspace of
harmonic superspace (Eq. (72)). We studied the structure of the one-loop contributions
to the effective action from a SYM vector multiplet and calculated the leading low-energy
contribution of this multiplet. Although 5D SYM theory is not superconformal, its cou-
pling constant is dimensional, and the expressions (57) and (72) are different, the leading
contribution to the effective action in 5D SYM theory (Eq. (75)) has the same functional
form as in 5D SCS theory.
In 5D hypermultiplet theory in a vector multiplet background field we have calculated
the first next-to leading contribution to the effective action (Eq. (85)). The corresponding
leading contribution is the SCS action and was found in the paper [20]. We have shown
that this first next-to leading contribution (85) again has the same functional form as the
leading contribution in SCS theory.
We have found the manifestly 5D, N = 1 superconformal form of the term ∼ F 4 in
the effective actions of the SCS theory, SYM theory and hypermultiplet theory. The next
step of studying of the one-loop effective action in the theories under consideration is a
construction of the full low-energy one-loop effective actions where all the powers of the
Abelian strength are summed up. In other words, the next purpose is to construct the 5D
superfield Heisenberg-Euler type of the effective action. Like in 4D, 3D superconformal
gauge theories [40] it is reasonable to expect that this effective action will be expressed in
the terms of so called superconformal invariants which transform as scalars under the 5D,
N = 1 superconformal group. For example, such a scalar invariant can be a superfield
Ψ2 = 1
W2
D4 lnW. We hope to study this issue in the forthcoming work.
Acknowledgments
The authors are very grateful to E.A. Ivanov and S.M. Kuzenko for useful comments.
The authors are thankful to the RFBR grant, project No 15-02-06670-а and LRSS grant,
project No 88.2014.2 for partial support. Work of I.L.B was supported by Ministry of
Education and Science of Russian Federation, project No 2014/387/122. Also I.L.B is
grateful to the DFG grant, project LE 838/12-2.
References
[1] J. Bagger, N. Lambert, S. Mukhi, C. Papageorgakis, Multiple Membranes in M-
theory, Phys. Repts. 527 (2013) 1-100, e-Print: arXiv:1203.3546 [hep-th].
25
[2] E. Witten, Some comments on string dynamics, e-Print: hep-th/9507121; Phase
transitions in M theory and F theory, Nucl. Phys. B 471 (1996) 195-216, e-Print:
hep-th/9603150.
[3] F. Bonetti, T.W. Grimm, S. Hohenegger, A Kaluza-Klein inspired action for
chiral p-forms and their anomalies, Phys. Lett. B 720 (2013) 424-427, e-Print:
arXiv:1206.1600 [hep-th] ; Non-Abelian Tensor Towers and (2,0) Superconformal
Theories, JHEP 1305 (2013) 129, e-Print: arXiv:1209.3017.
[4] N. Seiberg, Five-dimensional SUSY field theories, nontrivial fixed points and string
dynamics, Phys. Lett. B 388 (1996) 753-760, e-Print: hep-th/9608111; K. A. In-
triligator, D. R. Morrison, and N. Seiberg, Five-dimensional supersymmetric gauge
theories and degenerations of Calabi-Yau spaces, Nucl. Phys. B 497 (1997) 56–100,
e-Print: hep-th/9702198.
[5] M. R. Douglas, On D=5 super Yang-Mills theory and (2,0) theory, JHEP 1102
(2011) 011, arXiv:1012.2880 [hep-th]; N. Lambert, C. Papageorgakis and M.
Schmidt-Sommerfeld, M5-Branes, D4-Branes and Quantum 5D super-Yang-Mills,
JHEP 1101 (2011) 083, arXiv:1012.2882 [hep-th]; N. Lambert, C. Papageorgakis
and M. Schmidt-Sommerfeld, Deconstructing (2,0) Proposals, Phys. Rev. D 88
(2013) 2, 026007, arXiv:1212.3337 [hep-th]; P.-M. Ho, K.-W. Huang and Y. Mat-
suo, A Non-Abelian Self-Dual Gauge Theory in 5+1 Dimensions, JHEP 1107 (2011)
021, arXiv:1104.4040 [hep-th]; K.-W. Huang, Non-Abelian Chiral 2-Form and M5-
Branes, arXiv:1206.3983 [hep-th]; C. Papageorgakis and A.B. Royston, Instanton-
soliton loops in 5D super-Yang-Mills, Proc. Symp. Pure Math. 88 (2014) 351-360,
arXiv:1409.4093 [hep-th].
[6] F. Bonetti, T.W. Grimm, S. Hohenegger, One-loop Chern-Simons terms in five
dimensions, JHEP 1307 (2013) 043, e-Print: arXiv:1302.2918 [hep-th]; Exploring
6D origins of 5D supergravities with Chern-Simons terms, JHEP 1305 (2013) 124,
e-Print: arXiv:1303.2661 [hep-th].
[7] K. Hosomichi, R.-K. Seong, S. Terashima, Supersymmetric Gauge Theories on
the Five-Sphere, Nucl. Phys. B 865 (2012) 376-396, arXiv:1203.0371 [hep-th];
J. Kallen, J. Qiu and M. Zabzine, The perturbative partition function of su-
persymmetric 5D Yang-Mills theory with matter on the five-sphere, JHEP 08
(2012) 157, arXiv:1206.6008 [hep-th]; J. Kallen, J.A. Minahan, A. Nedelin, M.
Zabzine, N3-behavior from 5D Yang-Mills theory, JHEP 1210 (2012) 184, e-Print:
arXiv:1207.3763 [hep-th]; H.-C. Kim, S. Kim, M5-branes from gauge theories on the
5-sphere, JHEP 1305, 144 (2013), arXiv:1206.6339 [hep-th]; Y. Imamura, Perturba-
tive partition function for a squashed S5, PTEP 2013 (2013) 073B01; H.-C. Kim, S.
Kim, E. Koh, K. Lee, S. Lee, On instantons as Kaluza-Klein modes of M5-branes,
JHEP 1112 (2011) 031, e-Print: arXiv:1110.2175 [hep-th].
[8] I. R. Klebanov and A. A. Tseytlin, Entropy of near extremal black p-branes, Nucl.
Phys. B 475 (1996) 164–178, e-Print: hep-th/9604089; M. Henningson and K.
Skenderis,The Holographic Weyl anomaly, JHEP 9807 (1998) 023, e-Print: hep-
th/9806087.
26
[9] J.M. Drummond, P.J. Heslop, P.S. Howe, S.F. Kerstan, Integral invariants in N=4
SYM and the effective action for coincident D-branes, JHEP 0308 (2003) 016, e-
Print: hep-th/0305202; G. Bossard, P.S. Howe, K.S. Stelle, The Ultra-violet ques-
tion in maximally supersymmetric field theories, Gen. Rel. Grav. 41 (2009) 919-981,
e-Print: arXiv:0901.4661 [hep-th]; Invariants and divergences in half-maximal su-
pergravity theories, JHEP 1307 (2013) 117, e-Print: arXiv:1304.7753 [hep-th]; G.
Bossard, P.S. Howe, U. Lindstrom, K.S. Stelle, L. Wulff, Integral invariants in
maximally supersymmetric Yang-Mills theories, JHEP 1105 (2011) 021, e-Print:
arXiv:1012.3142 [hep-th].
[10] P.S. Howe, K.S. Stelle, Ultraviolet Divergences in Higher Dimensional Supersym-
metric Yang-Mills Theories, Phys. Lett. B 137 (1984) 175; N. Marcus, A. Sagnotti,
A Test of Finiteness Predictions for Supersymmetric Theories Phys. Lett. B 135
(1984) 85; The Ultraviolet Behavior of N=4 Yang-Mills and the Power Counting of
Extended Superspace , Nucl. Phys. B 256 (1985) 77; Z. Bern, L.J. Dixon, D.C. Dun-
bar, M. Perelstein, J.S. Rozowsky, On the relationship between Yang-Mills theory
and gravity and its implication for ultraviolet divergences, Nucl. Phys. B 530 (1998)
401-456, e-Print: hep-th/9802162; Perturbative relations between gravity and gauge
theory, Class. Quant. Grav. 17 (2000) 979-988, e-Print: hep-th/9911194.
[11] M. Dine, N. Seiberg, Comments on higher derivative operators in some SUSY field
theories, Phys. Lett. B 409 (1997) 239-244, e-Print: hep-th/9705057; M. Henning-
son, Extended superspace, higher derivatives and SL(2, Z) duality, Nucl. Phys. B
458 (1996) 445-455, arXiv:hep-th/9507135.
[12] I.L. Buchbinder, A.Yu. Petrov, A.A. Tseytlin, Two loop N=4 superYang-Mills effec-
tive action and interaction between D3-branes, Nucl. Phys. B 621 (2002) 179-207,
e-Print: hep-th/0110173,
[13] C. Cordova , T.T. Dumitrescu, X. Yin, Higher Derivative Terms, Toroidal Com-
pactification, and Weyl Anomalies in Six-Dimensional (2,0) Theories, e-Print:
arXiv:1505.03850 [hep-th]; W.-M. Chen, Yu-tin Huang, C. Wen, Exact coefficients
for higher dimensional operators with sixteen supersymmetries, JHEP 1509 (2015)
098, e-Print: arXiv:1505.07093 [hep-th]; M. Bianchi, J.F. Morales, C. Wen, In-
stanton corrections to the effective action of N=4 SYM , e-Print: arXiv:1508.00554
[hep-th].
[14] I.L. Buchbinder, E.I. Buchbinder, E.A. Ivanov, S.M. Kuzenko, B.A. Ovrut, Effec-
tive action of the N=2 Maxwell multiplet in harmonic superspace , Phys. Lett. B
412 (1997) 309-319, e-print: hep-th/9703147; I.L. Buchbinder, E.I. Buchbinder,
S.M. Kuzenko, B.A. Ovrut, The Background field method for N=2 superYang-
Mills theories in harmonic superspace, Phys. Lett. B 417 (1998) 61-71, e-Print:
hep-th/9704214; E.I. Buchbinder, B.A. Ovrut, I.L. Buchbinder, E.A. Ivanov, S.M.
Kuzenko, Low-energy effective action in N = 2 supersymmetric field theories, Phys.
Part. Nucl. 32 (2001) 641-674, Fiz. Elem. Chast. Atom. Yadra 32 (2001) 1222-1264.
[15] S.M. Kuzenko, I.N. McArthur, Effective action of N=4 superYang-Mills: N=2 su-
perspace approach, Phys. Lett. B 506 (2001) 140-146, e-Print: hep-th/0101127; Hy-
permultiplet effective action: N=2 superspace approach, Phys. Lett. B 513 (2001)
27
213-222, e-Print: hep-th/0105121. S.M. Kuzenko, Exact propagators in harmonic
superspace, Phys. Lett. B 600 (2004) 163-170, e-Print: hep-th/0407242.
[16] A. Galperin, E. Ivanov, S. Kalitsyn, V. Ogievetsky, E. Sokatchev, Unconstrained
N=2 Matter, Yang-Mills and Supergravity Theories in Harmonic Superspace Class.
Quant. Grav. 1 (1984) 469-498, Class. Quant. Grav. 2 (1985) 127.
[17] A.S. Galperin, E.A. Ivanov, V.I. Ogievetsky, E.S. Sokatchev, Harmonic superspace,
Cambridge, UK: Univ. Pr. (2001) 306.
[18] N. Seiberg, The Power of holomorphy: Exact results in 4-D SUSY field theories,
e-Print: hep-th/9408013.
[19] B. Zupnik,Harmonic superpotentials and symmetries in gauge theories with eight
supercharges, Nucl. Phys. B 554 (1999) 365-390, Erratum-ibid. B 644 (2002) 405-
406, e-Print: hep-th/9902038.
[20] S.M. Kuzenko, Five-dimensional supersymmetric Chern-Simons action as a hy-
permultiplet quantum correction, Phys. Lett. B 644 (2007) 88-93, e-Print: hep-
th/0609078.
[21] S.M. Kuzenko, W.D. Linch, III, On five-dimensional superspaces, JHEP 0602
(2006) 038, e-Print: hep-th/0507176.
[22] S.M. Kuzenko, On compactified harmonic/projective superspace, 5-D superconformal
theories, and all that, Nucl. Phys. B 745 (2006) 176-207, e-Print: hep-th/0601177.
[23] P.S. Howe, G. Sierra, P.K. Townsend, Supersymmetry in Six-Dimensions, Nucl.
Phys. B 221 (1983) 331
[24] E.A. Ivanov, A.V. Smilga, B.M. Zupnik, Renormalizable supersymmetric gauge the-
ory in six dimensions, Nucl. Phys. B 726 (2005) 131-148, e-Print: hep-th/0505082;
E.A. Ivanov, A.V. Smilga, Conformal properties of hypermultiplet actions in six
dimensions, Phys. Lett. B 637 (2006) 374-381, e-Print: hep-th/0510273.
[25] I.L. Buchbinder, N.G. Pletnev, Construction of 6D supersymmetric field mod-
els in N=(1,0) harmonic superspace, Nucl. Phys. B 892 (2015) 21-48, e-Print:
arXiv:1411.1848 [hep-th].
[26] G. Bossard, E. Ivanov, A. Smilga, Ultraviolet behavior of 6D supersymmetric Yang-
Mills theories and harmonic superspace , e-Print: arXiv:1509.08027 [hep-th].
[27] S.J. Gates, W.D. Linch III, S. Randall. Superforms in Five-Dimensional, N=1 Su-
perspace, JHEP 1505 (2015) 049, e-Print: arXiv:1412.4086 [hep-th].
[28] S.M. Kuzenko, G. Tartaglino-Mazzucchelli, Five-dimensional superfield supergrav-
ity, Phys. Lett. B 661 (2008) 42, e-Print: arXiv:0710.3440 [hep-th]; 5D supergravity
and projective superspace, JHEP 0802 (2008) 004, e-Print: arXiv:0712.3102 [hep-
th]; Super-Weyl invariance in 5D supergravity, JHEP 0804 (2008) 032, e-Print:
arXiv:0802.3953 [hep-th].
[29] D. Butter, S.M. Kuzenko, J. Novak, G. Tartaglino-Mazzucchelli, Conformal super-
gravity in five dimensions: New approach and applications, JHEP 1502 (2015) 111,
e-Print: arXiv:1410.8682 [hep-th].
28
[30] S.M. Kuzenko, J. Novak, On supersymmetric Chern-Simons-type theories in five
dimensions, JHEP 1402 (2014) 096, e-Print: arXiv:1309.6803 [hep-th].
[31] E. Bergshoeff, S. Cucu, M. Derix, T. de Wit, R. Halbersma, A. Van Proeyen, Weyl
multiplets of N=2 conformal supergravity in five-dimensions, JHEP 0106 (2001)
051, e-Print: hep-th/0104113; E. Bergshoeff, S. Cucu, T. De Wit, J. Gheerardyn,
R. Halbersma, S. Vandoren, A. Van Proeyen, Superconformal N=2, D = 5 matter
with and without actions, JHEP 0210 (2002) 045, e-Print: hep-th/0205230.
[32] T. Kugo and K. Ohashi, Off-shell D = 5 supergravity coupled to matter Yang-Mills
system, Prog. Theor. Phys. 105 (2001) 323, e-Print: hep-ph/0010288.
[33] P.S. Howe, U. Lindstrom, The Supercurrent in Five-dimensions, Phys. Lett. B 103
(1981) 422-426.
[34] A. Galperin, E.A. Ivanov, V. Ogievetsky, E. Sokatchev, Harmonic Supergraphs.
Green Functions, Class. Quant. Grav. 2 (1985) 601; Harmonic Supergraphs. Feyn-
man Rules and Examples, Class. Quant. Grav. 2 (1985) 617.
[35] B.M. Zupnik, The Action of the Supersymmetric N=2 Gauge Theory in Harmonic
Superspace, Phys. Lett. B 183 (1987) 175-176.
[36] M.F. Sohnius, Supersymmetry and central charges, Nucl. Phys. B 138 (1978) 109;
N. Dragon, S.M. Kuzenko, U. Theis, The vector-tensor multiplet in harmonic su-
perspace, Eur. Phys. J. C 4 (1998) 717-721, e-Print: hep-th/9706169 .
[37] M. Banados, L.J. Garay, M. Henneaux, The Local degrees of freedom of higher di-
mensional pure Chern-Simons theories , Phys. Rev. D 53 (1996) 593-596, e-Print:
hep-th/9506187; The Dynamical structure of higher dimensional Chern-Simons the-
ory, Nucl. Phys. B 476 (1996) 611-635, e-Print: hep-th/9605159.
[38] A.V. Smilga, On dynamics of 5-D superconformal theories, Phys. Atom. Nucl. 70
(2007) 960-968, e-Print: hep-th/0602201.
[39] B. de Wit and M. Roc´ek, Improved tensor multiplets, Phys. Lett. B 109 (1982) 439;
B. de Wit, R. Philippe and A. Van Proeyen, The improved tensor multiplet in N
= 2 supergravity, Nucl. Phys. B 219, 143 (1983); A. Karlhede, U. Lindstrom, M.
Rocek, Self-interacting Tensor Multiplets in N=2 Superspace, Phys. Lett. B 147
(1984) 297.
[40] I.L. Buchbinder, S.M. Kuzenko, A.A. Tseytlin, On low-energy effective actions in
N=2, N=4 superconformal theories in four-dimensions, Phys. Rev. D 62 (2000)
045001, e-Print: hep-th/9911221; I.L. Buchbinder, N.G. Pletnev, I.B. Samsonov,
Effective action of three-dimensional extended supersymmetric matter on gauge su-
perfield background, JHEP 1004 (2010) 124, e-Print: arXiv:1003.4806.
29
